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Algebraic Structures: Properties, Semi group, Monoid, Group, Abelian group,
Properties of group, Subgroup, Cyclic group, Cosets, Permutation groups,

Homomorphism, Isomorphism and Auto-morphism of groups.

In this chapter, we will study, binary operation as a function, and
two more algebraic structures, semigroups and groups. They are called an
algebraic structure because the operations on the set define a structure on
the elements of that set. We also define the notion of a hornomorphism
and product and quotients of groups and semigroup.



6.2 BINARY OPERATION

A binary operation on a set A is an everywhere defined function
f :AxA— AGenerally operation is defined by = If * is binary operation

onAthen asbeAVabec A

Properties of binary operation : - Let * be a binary operation on a set A,
Then = satisfies the following properties for any a, band cin A

1. a=a*a Identity property
2. a*b=bxa Commutative property
3. ax(b*c)=(a*b)*c Associative property

6.3 SEMIGROUP

A non-empty set S together with a binary operation * is called as a
semigroup if —

i) binary operation = is closed

i) binary operation * is associative

we denote the semigroup by (S, *)

Commutative Semigroup :- A semigroup (S, *) is said to be
commutative if * is commutative i.e. axb=b*a VYae$S
Examples : 1) (z, +) is a commutative semigroup

2) The set P(S), where S is a set, together with
operation of union is a commutative semigroup.

3) (Z, -) is not a semigroup
The operation subtraction is not associative

6.4 IDENTITY ELEMENT :

An element e of a semigroup (S, *) is called an identity element if
exg=g*%e=a Yae$

Monoid A non-empty set M together with a binary operation *defined on
it, is called as a monoid if —

) binary operation = is closed

i) binary operation * is associative and

i) (M, *) has an identity.

i.e. A monoid is a semi group that has an identity
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6.5 GROUP

A a non-empty set G together with a binary operation * defined on it is
called a group if

(i) binary operation * is close,

(i) binary operation = is associative,
(iif) (G, =) has an identity,

(iv)  everyelementin G has inverse in G,
We denote the group by (G, *)

Commutative (Abelian Group : A group (G, *) is said to be
commutative if * is commutative.i.e. a*b=b*a Va,beG.

Cyclic Group : If every element of a group can be expressed as some
powers of an element of the group, then that group is called as cyclic

group.

The element is called as generator of the group.
If G is a group and a is its generator then we write G =<a>
For example consider G={1,-1,i,—i}. G is a group under the binary

operation of multiplication. Note that G =<i >. Because

a={ifPi'} ={i-1-i1}

6.6 SUBSEMIGROUP :

Let (S, *) be a semigroup and let T be a subset of S. If T is closed under
operation *, then (T, =) is called a subsemigroup of (S, *).

Submonoid : Let (S, *) be a monoid with identity e, and let T be a non-
empty subset of S. If T is closed under the operation = and e € T, then (T,
) is called a submonoid of (S, *).

Subgroup : Let (G, *) be a group. A subset H of G is called as subgroup
of G if (H, *) itself is a group.

Necessary and Sufficient Condition for subgroup : Let (G; *) be a

group. A subset H of G is a subgroup of G if and only if ,,,-1_4
YabeH



6.7 PERMUTATION

Definition : A permutation on n symbols is a bijective function of the set
A={1,2,..n} onto itself. The set of all permutations on n symbols is

denoted by S,. If ais a permutation on n symbols, then o is completely
determined by its values o.(1),a(2) ...a(n) . We use following notation

)

(123 4 5)
For example o

k5 312 4) denotes the permutation on the 5 symbols
(1,2,3,45). o maps1to5,2to3,3to1,4to2and5to4.

Product of permutation : - Let A = {1,2,3,4}

Letal33 3 flanaph3 3 1)
\ ) \ J
Then a OB =
1339333 6-533 4
\ J\ )\ )

Cycle - an element a s, is called a cycle of lingth r if 3 r symbols

i ie.wint (i) =iz, & (i ) =3 ... & (in ) = .

Example : Consider following permutation

1234506
2341 65)

0{122 ‘: i\f’ 6\):(1 2 3 4)(5 6)

i)

. It can be expressed as a product of cycles -

Transposition :

A cycle of length two is called transposition.

For example following permutation can be expressed as a product
of transpositions.

o (1837)(25)(46)

.o (18)(13)(17)(25)(456)



Even (odd) Permutation -

Let A {1, 2, ....n). A permutation is even or odd according

aEs,

to whether it can be expressed as the product of an even number of
transpositions or the product of an odd number of transpositions
respectively.

For example we can consider following permutation :
a=(145)(23)

a=(14)(15)(2 3)

= odd no. of transpositions so a. is odd permutation

Example 1 : Show that * defined as x * y = x is a binary operation on the
set of positive integers. Show that * is not commutative but is associative.

Solution : Consider two positive integers x and y. By definition x*y=x

which is a positive integer. Hence - is a binary operation.
For commutativity : x*y=x and yxx=x. Hence x*y# y#*xin general

‘. * |S not commutative.

But and (x*y)*xz=x*z=x. Hence

X*(y*z):x*y:x

x*(y*z)=(x*y)*xz. .. * is associative

Example 2 : Let | be the set of integers and Z, be the set of equivalence
classes generated by the equivalence relation “congruent modulo m” for
any positive integer m.

a) Write the sets Z3 and Zg

b) Show that the algebraic systems (Zy, + m) and (Zm, x m) are
monoids.

C) Find the inverses of elements in Z; and Z, with respect to +3 and x4
respectively.

Solution:  a) Zs for (Z3,+ 5) ={[0], [1], [2]}

Zg for (Ze, + 6) = {[01, [11, [2], [3], [4], [3] }

Z3 for (Z3,x 5) ={[0], [1], [2]}

Zg for (Z,x 6) = {[0], [11. [2], [3]. [4], [5] }
Example 3 : Determine whether the following set together with the binary

operation is a semigroup, a monoid or neither. If it is a monoid, specify the
identity. If it is a semigroup or a monoid determine whether it is



commutative.



i) A = set of all positive integers. a*b =max{a,b} i.e. bigger of a and

b [May-06]
ii) SetS={1,2,3,6,12}where a*b=G.C.D.(a,b)

[Dec-03, May — 07]

i) SetS={1,2,3,6,9,18) where a*b=L.C.M.(a,b) [Nov-06]
_ ) [April - 04]
iv) Z, the set of integers, where axb=a-+b-ab
May-03
V) The set of even integers E, where a*b = "ﬂ [May-03]
2

vi) Set of real numbers with a*b=a+b+2
vii)  The set of all mxn matrices under the operation of addition.

Solution :
i) A =set of all positive integers. a*b = max{a,bli.e. bigger of a and b.

Closure Property: Since Max {a, b} is eithera orb .. axbe A. Hence
closure property is verified.

Associative Property :
Since a* (b *c) = max{{a, b}, c} = max{a,b,c}

= Max{a,{b, c} } = (a.b).c
. * IS associative.
- (A, *) is a semigroup.

Existence of identity : 1 € A is the identity because

la=Max{1la}=a VaeA
- (A, *) is a monoid.

Commutative property : Since Max{a, b) = max{b, a) we have

a*b=b*aHence * is commutative.

Therefore A is commutative monoid.

ii) Set$={1,2,3,6,12} where a*b=G.C.D.(a,b)

*
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121 2 3 6 12

Closure Property : Since all the elements of the table € S, closure
property is satisfied.



Associative Property :Since
ax(b*c)=a*(b*c)=a*GCD{b,c}=GCD{a,b,c}

And (a*b)*c=GCD{a,b}*c=GCD{a,b,c}
ax(b*c)=(axb)*c

. * IS associative.
- (S, *) is a semigroup.

Existence of identity: From the table we observe that 12 € S is the
identity

. (S, #) is a monoid.
Commutative property : Since GCD{a,b}= GCD{b,a) we have

ax*b=bx*a.Hence * is commutative.

Therefore A is commutative monoid

(iii) Set S ={ 1,2,3,6,9, 18} where a*b=L.C.M. (a,b)

1 2 3 6 9 18
111 2 3 6 18
21 2 2 6 6 18 18
3 3 6 3 6 9 18
6] 6 6 6 6 18 18
9] 9 18 9 18 9 18
18 18 18 18 18 18 18

Closure Property : Since all the elements of the table € S, closure
property is satisfied.

Associative Property : Since a* (b*c)=a* LCM{b,c}= LCM/{a,b,c}
And (a*b)*c=LCM{a,b}*c =LCM{a,b,c}
ax(b*c)=(a*b)*c

* s associative.
(S, *) is a semigroup.

Existence of identity : From the table we observe that 1 € S is the
identity.

(S, *) is a monoid.



Commutative property : Since LCM{a, b} = LCM{b, a} we have

a*b=bx*a.Hence * is commutative.



Therefore A is commutative monoid.

(iv)  Z,theset of integerswhere-a*b=a+b-ab

Closure Property : - a,bez then a+b—-abez Vvab so™*isclosure.

Associate Property : Consider a,bez

(a*b)*c=(a+b-ab)*c
=a+b-ab+c-(a+b-ab)c

=a+b-ab+c—-ac-bc+abc
=a+b+c—-ab-ac-bc +abc

@
a*(b*c)=a*(b+c-bc)
—a+b+c-bc-a(b+c-bc)
=a+b+c-bc—-ab-ac+abc 2)
From1l &2
(a*b)*c=a*(b*c)
~.* is associative va,b,cez

~.(z, &) is a semigroup.

Existence of Identity : Let e be the identity elementa* e = q

ate-ge=a
ate-ae=a
e(l-a)=0
e=0ora=1
Buta=1
E=0

- Oe Z is the identity element.
~.(Z, *) is monoid.

Commutative property : Va,bez
a*b=a+b-ab
=b+a-ba
=b*a
.~ * Is commutative
~.(Z, *) is commutative monoid.

OeZ is the identity

V) E = set of even integers. a*b= ‘E

2



Closure Property : Since P is even for aand b even. .. a*beE. Hence

closure property is verified.

*(bC\:abC:ab*c:(a*b)*c

Associative Property : Since a*(b*c)=q
- — —
2 4 2

L)

* |s associative. . (E, *) is a semigroup.

Existence of identity : 2< E is the identity because 2*a = 2a_= aVaet
2
-.(E, *) isamonoid.

Commutative property : Since 90 _ba ,we have a*b=b*aHence * is

commutative. 2 2
. (E,*) is commutative monoid.

(vi)  -2€Ais identity
0 0

(vii) ] —||e M is the identity
[0 o

Example 4 : State and prove right or left cancellation property for a
group.

Solution : Let (G, *) be a group.

(i) To prove the right cancellation law i.e. axb=c*b=a=c
Let a, b, ceG. Since G is a group, every element has inverse in G.
~bteG
Consider a*xb=c*b
Multiply both sides by b™* from the right.

(@*b)*b ™t = (cxb)*xbt

ax(b* b_l) =c*(b* b‘l) Associative property
era=ex*C bxbl=ecG
a=c eeG is the identity

(i) To prove the left cancellation law i.e. a*b=c*b=a=c

Let a, b, ceG: Since G is a group, every element has inverse in G.
nateG

Consider axb=axc



Multiply both sides by a from the left

a_l*(a*b)za_l*(a*c)

(a‘1 xa)*h = (a‘l * Q) *C Associative property

exb=ex*c a_l*a:eeG

b=c eeG is the identity

Example 5 : Prove the following results for a group G.

(1) The identity element is unique.
(i) Each a in G has unique inverse a*
(iii) (ab)*=bla?
Solution : (i) Let G be a group. Let e; and e, be two identity elements
of G.
If e, is identity element then e1€, = €61 = €2....occvvvvveniennns (@)
If e, is identity element then e;e,=€81=€1 oo 2)
From (1) and (2) we get e; = e, i.e. identity element is unique.
(i) Let G be a group. Let b and c be two inverses of acG.
Ifbisaninverse ofathenab=ba=-¢e.....ccceco....... Q)
If cisan inverse ofathenac=ca=¢€......cccce...... )
Where e € G be the identity element.
From (1) and (2) we get ab = ac and ba = ca.
b=c by cancellation law : i.e. inverse of aeG is unique.
inverse of a e Gis unique.
(iii))  LetGbeagroup. Leta, b e G.

Consider (ab)(b™a™?)
= a(bbHa™ Associative property
= (ae)a™ bb'=e, ecG is identity
= (ae)a’ Associative property

= aal ae=a

= e aal=e

Similarly we can prove (ba*)(ab) =e.

Hence (ab) *=bta™

Example 6 : Let G be a group with identity e. Show that if a’=e foralla
in G, then every element is its own inverse [Nov.-05]



Solution : Let G be a group.

Given a’=e for all acG.
Multiply by a™* we get -
1a2 — a—le
a=at
i.e. every element is its own inverse

Example 7 : Show that if every element in a group is its own inverse, then
the group must be abelian. [Dec-02] [5]

OR

Let G be a group with identity e. Show that if a= e for all a in G, then G
is abelian. [May-05]

Solution : Let G be a group.

For acG, a‘eG

Consider (ab) *

(ab) *=b'a! reversal law of inverse.
ab=ba every element is its own inverse
G is abelian.

Example 8 : Let Z, denote the set of integers (0, 1, .. , n-1). Let ® be
binary operation on Z, such that a®b = the remainder of ab divided by n.

i) Construct the table for the operation ® for n=4.

i) Show that (Z,, ®) is a semi-group for any n.

iii) Is (Z,, ®) a group for any n? Justify your answer.

Solution : (i) Table for the operation ® for n = 4.

®|0 1 2 3
0[O0 0 0 O
1{0 1 2 3
2(0 2 0 2
3[0 3 2 1

(i) To show that (Z,, ®) is a semi-group for any n.

Closure property : Since all the element in the table

€{0, 1, ..., n-1}, closure property is satisfied.



Assiciative property : Since multiplication modulo n is associative,
associative property is satisfied.

(Z,, ®) is asemi-group
(iii)  (Z,, ®) is not a group for any n.
If n =4, 27! does not exist (1G is the identity.)

Example 9 : Show that a group (G, #) is abelian if and only if for a, beG,
(axb)? = o® xb? [Nov-06]

Solution : Step-1 : Given (G, *) is a group and for a, beG,

(a*b)2 —a? xb%. To prove that (G, *) is abelian.

Given
(a*b)2 = a? xb?

(a*b)*(a*b)=(a*a)*(b*b)

ax(bxa)*b=ax*(a*bh)*h Associative property
(bxa)*b=(a*b)*b Left cancellation law
bxa=a*b Right cancellation law

(G, *) is abelian.

Step-2 : Assume that (G, *) is abelian.
To prove that a, beG, (a* b)2 = a? x b2

Consider (a * b)2

= (a*b) = (axh)

= ax(b*a)xb Associative property
= ax(axh)*b G is abelian

= (@*a)*(b*b) Associative property
- 22 * b2

Example 10 : If (G, *) be an abelian group, then for all a, beG, show that

(axb)" =a" *b" .

Solution : Given (G, #) is abelian. To prove that for all a, beG,

(axb)" =a" xp"

We will use the method of induction. Let P(n) be the property that for all
a, beG;

(axb)" =a" =b"



Step-l :Check that PM is true.
(@xb)t=al bt

ax*b=ax*b Hence P(1) is true.

Step-2 :Assume P(K) is true for some keN
(axb)* = xbk

Step-3: Prove P(k+1) is true. Consider

*(a * b)k+1

= (axb) x(axb) = (" *b*)x(a*b) _
using step-2

= o (b % a) % b Associative property
G is abelian

= a x(axbK) b

= (ak *q) * (bk * b) Associative property

= o<1 pk+1 P(k+1) is true.

Hence P(n) is true for every neN

Example 11 : Let a=(1 2 3 4)(6 5 7) and B=(2 4 3)(7 5) be permutations
of the set {1,2,3,.....,7}. Express o as product of transposition. Find
whether o o B is an even permutation or not. [Dec-99][5]

Solution : Leta=(1234)(657)

a=(14)(13)(12)(67)(65)

aB_123456701234567\
2 3417656 )

woB:(l 2 3456 7\:(12)(56)

k2341756

~o o [3is an even permutation.

(123456\

Example 12 : Let A={1,2,3,4,5,6}and P =
|\2 4315 6)

permutation on A
a) Write P as a product of disjoint cycles.
b) Find P,
C) Find the smallest positive integer k such that P*=1a.
[May-02][4]



) (1 2 3 4 5 6)

Solution: Let P = | |
2 4 3156

)

@  P=Q224F)O)6)

() PP'=1
1 23 45 6) (12345 6)
(243156J_( )
pi=(1 2 3 4 5 6)

la 1325 ¢

(€  P*=
(123456)(123456j:(123456\
2 43156/ )

PP=p’p=
123456(123456:123456\
41325 6) )

Smallest k=3

Example 13 : Consider the group G = {1,2,3,4,5,6} under multiplication
modulo 7. [Apr-04, May-06]
0] Find the multiplication table of G

(i) Find2' 3% 6%

(ili)  Find the order of the subgroups generated by 2 and 3.

(iv)  Is G cyclic?

Solution : (i) Multiplication table of G
Binary operation = is multiplication modulo 7.

*Il 2 3 4 5 6
1{1 2 3 4 5 6
2(2 4 6 1 3 5
33 6 2 51 4
414 1 5 2 6 3
5[5 3 1 6 4 2
6(6 5 4 3 21

From the table we observe that 1G is identity.

(i) Tofind2?t, 3% 61
From the table we get 2%=4,31=56"=6



iii) To find the order of the subgroups generated by 2.
Consider 2° = 1 = Identity, 2' = 2; 2= 4, 2°= 1 = Identity
<2>={2' 22 2%
Order of the subgroup generated by 2 =3
To find the order of the subgroups generated by 3.
Consider 3° = 1 = identity, 3'=3,3?=2,3°=6,3'=4,3°=5, 3°=
1 = Identity
<3>={3! 3 3334 3 3%
Order of the subgroup generated by 3 =6

(iv)  Giscyclic because G =< 3 >,

Example 14 : Let S={x|x is a real number and x=0, x=1}. Consider the
following functions f; : S-S, i=1,2,---,6 [Nov-05]
FO=0 F =120 F 9=t p = b f m=te

’

1 2 3 y 4 1_x 5 X
fol) = x

x—1

Show that G = {f;, f,, f3, f4, f5, f5) is a group under the operation of
composition. Give the multiplication table of G.

Solution : (i) Multiplication table of G

—h
—h
—h
—h

fp T, 3 1 T fg
Lt f, 3 f, f f
6, f, & 6 f f,
fo |t f, f f, f f
B |f f f f f 1
|t £, f f, f
b lfg B f, £ £, 6

0] Closure property : Since all the elements in the table G, closure
property is satisfied.

(i) Associative property : Since composition of functions is
associative, associative property is satisfied.

(ili)  Existence of identity : From the table we observe that f;eG is the
identity.

(iv)  Existence of inverse : From the table we observe that
fil=fy, foi=fp, fy'=fs fs ' =fs, s '=fy fo =T

i.e. every element of G has inverse in G. Hence G is a group.



Example 15 : Let G be an abelian group with identity e and let H = {x/x?

= e). Show that H is a subgroup of G. [May-02, 03, May-07]
Solution : Letx, yeH..x*=eandy’=e .. x'=xandy’=y
Since G is abelian we have xy = yx .. Xy = yx
Now (xy™)* = (xy )(xy™") = (xy )y ')

=y =X Y)X

= x(e)x

= Xt =e

= xy'eH
H is a subgroup.

Example 16 : Let G be a group and let H = (x/xeG and xy = yx for all
yeG}. Prove that H is a subgroup of G. [98][7]

Solution : Letx,z e H . xy =yx foreveryyeG .. x=yxy .
Similarly zy = yz for every yeG nz=yzy

Now consider xz* = (yxy Hyzy ) *

= yxylyzlyt=yxzly?t

(x.zhy = y(xzt) e H.

xzte H

H is a subgroup

=
=

Example 17 : Find all subgroups of (Z,®) where @ is the operation
addition modulo 5. Justify your answer.

Solution:
@0 1 2 3 4
0|0 1 2 3 4
111 2 3 40
212 3 4 0 1
313 4 01 2
414 0 1 2 3

Example 18 : Let G be a group of integers under the operation of
addition. Which of the following subsets of G are subgroups of G?

(@) the set of all even integers,

(b) the set of all odd integers. Justify your answer.



Solution:

a) Let H= set of all even integers.
We know, additive inverse of an even number is even and sum of
two even integers is also even. Thus for a,beH we have ab*eH.
Hence H is a subgroup of G.

b) Let K = set of all odd integers.
We know, additive inverse of an odd number is odd and sum of
two odd integers is even.

Thus for a,beK we have ab™ ¢K.
Hence K is not a subgroup of G.

Example 19 : Let (G, *) be a group and H be a non-empty subset of G.
Show that (H, *) is a subgroup if for any a and b in H, ab™* is also in H.
[May-00) [3]

Solution :
(i) letaacH . aa'eH ieeecH
The identity element € H.
(i) LeteaeH . ealeH iea'eH
Every element has inverse € H.
(iii) Leta,beH. ~.bteH . abhhteH. ie abeH.

..Closure property is satisfied.

(iv)  Every element in H is also in G. And G is a group. So associative
property is satisfied by the elements of H. Hence associative
property is satisfied by the elements of H.

Hence H is a group. But H is a subset of G. ..H is a subgroup
of G.

Example 20 : Let H and K be subgroups of a group G. Prove that HNK is
a subgroup of G. [Dec-02] [5]

Solution : If H is a subgroups of a group G, then for any a, b € H,
ab?t e H.
Similarly, if K is a subgroups of a group G, then for any a, b € K,
ab?! e K.

Now ifa,b e HNK, a,b e Handa, b e K. . able Hand ab? e K.
Hence ab™* € HNK.

HNK is a subgroup of G.



6.8 PRODUCTS AND QUOTIENTS OF SEMIGROUPS:

In this section we obtain new semigroups from existing
semigroups.

Theorem 6.1 :

If (S, *) and (T, #”) are semigroups, then (S x T, #*”) is a semigroup,
where =7 is defined by (s3,tz) *”(sp,t2) = (S1*So, 1 * 't )

Theorem 6.2 :

If Sand T are monoids with identities es and er, respectively, then, S x T
is a monoid with identity (es, er)

Theorem 6.3 :

Let R be congruence relation on the semigroup (S, *). Consider the
relation from S/RxS/R to S/R in which the ordered pair ([a], [b]) is, for a
and b in S, related to [a * b].

@) ® is a function from S/RxS/R to S/R, and as usual we denote ®
([a].[b]) by [a] = [b]. Thus [a] ® [b]=[a*b].

(b) (S/R, ®) is a semigroup.

Proof : Suppose that ([a],[b]) = ([a’],[b’]). Then aRa’ and bRb’, so we
must have a *bRa’ *b’, since R is a congruence relation. Thus
[axb]=[a’ *b’]; that is, ® is a function. This means that ® is a binary
operation on S/R.

Next, we must verify that ® is an associative operation. We have
[a]®([b]®[c])=[a]®[b*c]=[a*(b*c)]=[(a *b) ] by associative property of
*1inS

[axb] ® [c]
([a] ® [b]) ® [c],

Hence S/R is a semigroup. We call S/R the quotient semigroup or factor
semigroup. Observe that ® is a type of “quotient binary relation” on S/R
that is constructed from the original binary relation * on S by the
congruence relation R

Example 21 : Let Z be the set of integers, and Z., be the set of
eduivalences classes generated by the equivalence relation “congruence
modulo m” for any positive integer m.



Zn, is a group with operation @ where [a] @ [b] = [a+b]
For Z, and Z; defined according to the above definition, write the
multiplication table for the group Z,xZs. [May-03] [5]

Solution : The multiplication table for the group Z,xZs.
@ | (0,00 (01 (0,2 (1,00 (1,1,) (1,2
©0] 00 01 ©2 €O €1 (€2
©0n| 01 ©2 ©0 @€1) €2 (10
021 02 (00 O €2 @O @€I
Lo @0 1) @2 00 (O (02
@n| @) &2 1o (01 (0.2 (00
12| 12 1.0 @€Y 02 ©0 (OI)

6.9 HOMOMORPHISM, ISOMORPHISM AND
AUTOMORPHISM OF SEMIGROUPS

Homomorphism : Let (S, %) and (T, =) be two semigroups. An
everywhere defined function

f: S—T is called a homomorphism from (S, *) to (T, *’)if
f(a*b) =f(a) +’filb) VabeS

Isomorphism : Let (S, *) and (T, *”) be two semigoups. A function

f: S — Tis called a isomorphism from (S, *) to (T, *°) if

0] it is one-to-one correspondence from Sto T (ii) flaxb) = f (a)
*’f(b) Va,beS

(S, *) and (T, *’) are isomorphic’ is denoted by S=T.

Automorphism : An isomorphism from a semigroup to itself is called an

automorphism of the semigoup. An isonorptism f:s—s is called
automorphism.

6.10 HOMOMORPHISM, LSOMORPHISM AND
AUTOMORNHISM OF MONOIDS :

Homomorphism : Let (M, %) and (M’, *’) be two monoids. An
everywhere defined function f: M — M’ is called a homomorphism from
(M, %) to (M’, #°)if

f(a = b)=f(a) *’f(b) Va,b e M

Isomorphism : Let (M, ) and (M’, *”) be two monoids. A function
f: M — M’ is called a isomorphism from (M, *) to (M’, *°) if



0] it is one-to-one correspondence from M to M’ (ii) f is onto.
(i) faxb =f(a) *’f(b) Va, beM
‘(M *) and (M’, *’) are isomorphic is denoted by M = M’.

Automorphism : An isomorphism from a monoid to itself is called an

automorphism of the monoid. An isomorphism f:M—M is called
Automorphism of monoid.

6.11 HOMOMORPHISM, ISOMORPHISM AND
AUTOMORPHISM OF GROUPS :

Homomorphism : Let (G, *) and (G’, *’) be two groups. An everywhere
defined function f: G — G’ is called a homomorphism from (G, *) to (G’,
*7) if

f(axb) =f (@) »’f(b) Va,be G

Isomorphism : Let (G, #) and (G’, *’) be two groups. A function

f: G—>G’ is called a isomorphism from (G, *) to (G’, #”) if

® it is one-to-one correspondence from G to G’ (ii) f is onto.

(i) f(a = b)="f(a) *’f(b) Va, beG

(G, =) and (G’, *’) are isomorphic’ is denoted by G = G’.

Automorahism: An isomorphism from a group to itself is called an

automorphism of the group. An isomorphism f:G—G is called
Automorphism.

Theorem 6.4 : Let (S, *) and (T, *”) be monoids with identity e and ¢’,
respectively. Let f: S — T be an isomorphism. Then f(e) =¢’.

Proof : Let b be any element of T. Since f is on to, there is an element a in
Ssuchthat f(a) =b

Then a=axe

b= f(a)= f(axe)= f(a)* f(e)=bx*"'f(e) (fisisomorphism) Similarly,

since a=ex*a,

b=f(a)=fle*a)f(e*a)= f(e)*'(a)

Thus for any ,beT,
b=bx"'f(e)=f(e)*'b

which means that f(e) is an identity for T.
Thus since the identity is unique, it follows that f(e)=e’



Theorem 6.5: Let (S, *) and (T, *”) be monoids with identity e and ¢’,
respectively. Let f: S — T be a homomorphism. Then f(e) =¢’.

Proof : It can be prove similarly like Theorem 6.4.

Theorem 6.6 : Let f be a homomorphism from a semigroup (S, *) to a
semigroup (T, #”). If S’ is a subsemigroup of (S, *), then

F(S)={te T|t="f(s) forsomes e S},

The image of S” under f, is subsemigroup of (T, *°).

Proof : If t;, and t, are any elements of F(S’), then there exist s; and s, in
S’ with

t\=f(s1) and t; = f(s,).

Therefore,

tl*tz = f(sl)*f(sz) = f(sl*sz) = f(sz *51) = f(sz)*f(sl) :tz *tl

Hence (T, *') is also commutative.

Example 22 : Let G be a group. Show that the function f : G — G defined
by f(a) = a* is a homomorphism iff G is abelian. [98][6], [May-00] [4]

Solution :

Step-1 : Assume G is abelian. Prove that f : G — G defined by f(a) = a° is
a homomorphism.

LetabeG. .. f(a)=a’, f(b) = b? and f(ab) = (ab)? by definition of f.
: f(ab)=(ab)?
= (ab)(ab).
= a(ba)b associativity
a(ab)b G is abelian
(aa)(bb) associativity
= a’h?
= f(a)f(b) definition of f

.. fis @ homomorphism.

Vy=a’eG JaeGst
Step 2::

fla=y=2a’
-.fis onto.

Step-3 : Assume, f : G — G defined by f(a) = a> s a homomorphism.
Prove that G is abelian.

LetabeG. .. f(a) = a*, f(b) = b* and f(ab) = (ab)? by definition of f.



f(ab) = f(a)f(b) f is homomorphism

(ab)? = a® b? definition of f

(ab)(ab) = (aa)(bb)

a(ba)b = a(ab)b associativity

ba=ab left and right cancellation taws
G is abelian.

Example 23 : Let G be a group and let a be a fixed element of G. Show

that the function

fa:G—>Gdefined by fa(x)=axa_1for xeG is an

isomorphism. [Dec-02][5]

Solution :
Step-1: Show that fis 1-1.

1

fa (x) = axa

Consider f,(x) = f4(y) forx,y eG
axa® =aya? definition of f
X=y left and right cancellation laws
fisl-1

Vy=axa'eGIxeG sit.
Step 2:

f ()=axa™

-.fis onto.

Step-3 : Show that f is homomorphism.

For x, yeG
fx)=a*x*a’, fly)=axy*xat and fiexy)=g*(x*y)*a
Consider 1 for X, yeG

flxxy)=ax(x*y)*a
Flxxy)=a*(xxexy)xa + €€Gisidentity

=a*(x*a_1*a*y)*a_1 alxg=e

= (a*x* a_l) *(g*y* a_l) associativity

*f(x*xy)=f(x)* f(y)

f is homomorphism.
Since f is 1-1 and homomorphism, it is isomorphism.

Example 24 : Let G be a group. Show that the function f : G — G defined
by f(a) = a™* is an isomorphism if and only if G is abelian. [May-03][4]



Solution :

Step-1: Assume G is abelian. Prove that f : G — G defined by f(a) = a ' is
an isomorphism.

) Let f(a)=f(b)

nat=p? ~a=b ~fis1-1.
ii) VacG=a'eG

X eG

=f(x)=x"

-.fis onto.

iii) Let a,beG. ~f(a) = al f(b) = b and f(ab) = (ab) -1 by
definition of f.

o fa) = (ab)*
= plat reversal law of inverse
= a'pt G is abelian
= f(a)f(b) definition of f.

o f is a homomorphism.
Since f is 1-1 and homomorphism, it is isomorphism.

Step — 2 : Assume f: G — G defined by f(a) = a™ is an isomorphism.
Prove that G is abelian.

Leta, beG  ..f(a)=a", f(b) = b and f(ab) = (ab) * by definition of f

f(ab) = f(a)f(b) f is homomorphism

(ab)t=a'b™ definition of f

blal=alb? reversal law of inverse
G is abelian.

Example 25 : Define (Z, +) — (5Z, +) as f(x) = 5x, where 5Z=(5n: n €
Z). Verify that f is an isomorphism. [Dec-99j [S]

Solution:
Step -1 Show that fis 1-I.
Consider f(x) = f(y) for x, yeG
: 5x = by definition of f
X=y oofis1-1
Step 2 - V 5xeG, Ix eG
" s.t.f(x) =5x
.~.fis onto.

Step-3: Show that f is homomorphism.



For xxyeG

f(x) = 5x, d(y) = 5y and f(x+y) — 5(x+y)
Consider f(x+y) = 5(x+y) forx,y eG
=5x + 5y
f(x+y) = f(x) + f(y)
f is homomorphism.
Since f is 1-1 and homomorphism, it is isomorphism.

Example 26 : Let G be a group of real numbers under addition, and let G’
be the group of positive numbers under multiplication. Let f : G — G’ be
defined by f(x) = €*. Show that f is an isomorphism from G to G’

[May-06]
OR

Show that the group G = (R,+) is isomorphic to G’ = (R*, x) where R is
the set of real numbers and R" is a set of positive real numbers.

Solution :

Step 1:Show that fis 1-1.

Consider f(x) = f(y) for x,yeG
: ef=¢ definition of f
X=y o Fis 1-1.

] 1 _ Alogx _
Step2:If xeG", thenlog x G and f(.logx)—e =X 5o fisonto.

Step-3 : Show that f is homomnrphism.

For x, yeG
f(x) = €, f(y) = &¥ and f(x+y) = e**)
Consider f(x +y) = e**™¥ forx,y eG
= e*xeY
f(x +y) =f(x) x f(y) fis homomorphism.
Since f is 1-1 and homomorphasm, it is isomorphism.

Example 27 : Let G = {e, a, a%, a°, a* a°} be a group under the operation

of a'a' =a", where i + j = r(mod 6). Prove that G and Zg are isomorphic
[May-07]

Solution :



Step - I : Show that fis I-I.
Letx=a',andy=4 .

Consider f(x) = f(y) forx,ye G
f(a') = f(a) definition of f
a=d
X=y fis 1-1.

Step-2 : Show that f is homomorphism.

Letx=a’andy=a’x,ye G

f@) =i, f(a) j and f(x + y) = f(a' &)

Consider f(x+y) = f(a'd) = f(a’) where i + j = r(mod 6)
= r

= i +j

= f(a) + f(&)

: f(x x y) = f(x) + f(y) . fis homomorphism.
Slnce fis 1-1 and homomorphlsm it is isomorphism.

Example 28 : Let T be set of even integers. Show that the semigroups (Z,
+) and (T, +) are isomorphic. [May-05]

Solution : We show that f is one to one onto .
Define f: (Z, +) — (T, +) as f(x) = 2x
1) Show that fis I-1

Consider f(x) = f(y)

L2X =2y

SXEY ~fis 1-lL

2) Show that f is onto
y=2x ..Xx=Yy/2wheny is even.
..for every yeT there exists xeZ.
-.fis onto.
.. T is isomorphic.

3) F is homorphism
Fix+y)=2(x+Yy)
=2x+2y
=1(x) + f(y)

.. T is honomorphism.



Example 29 : For the set A = {a,b,c} give all the permutations of A. Show
that the set of all permutations of A is a group under the composition
operation.

Solution : A={\a,b,c}. Ss= Set of all permutations of A.

(a b c (a b c) f
f = , f = , la b c)
oy la o b ’ zké b ZJ
(a b c) (a b ¢) fo fa b c
f = y f = y 5 = C ~
3 l\b a CJ} : l\b c aJ L a b]

Let us prepare the composition table.

offy, f, &, fo f, f
folfo fy f, f3 T, f5
filfy o T, &5 & f3
folf, f3 fo T, T3 )
fa1fy f, 5 fp 1 6
folfy f3 f &, 5 1
felfs f, fo £ 5 f4
i) Closure Property: Since all the elements in the composition table

€Ss, closure property is satisfied.

i) Associative Property: Since composition of permutations is
associative, associative property is satisfied.

iii) Existance of lIdentity: From the table we find that fo is the
identity

iv) Existance of Inverse: From the composition table it is clear that
fol=fo, Al=fy, Ki=f, fi=f, f,l=f § =1,

Every element has inverse in Sz. Hence S; is a group.

6.12 COSET AND NORMAL SUBEROUP:

Left Coset : Let (H, *) be a subgroup of (G, *). For any a € G, the set of
aH defined by aH ={a*h/heH} is called the left coset of H in G

determined by the element acG. The element a is called the representative
element of the left coset aH.

Right Coset : Let (H, *) be a subgroup of (G, ). For any a € G, the set
of Ha defined by

Ha=[h*a|heH]



is called the right coset of H in G determined by the element acG. The
element a is called the representative element of the right coset Ha.

Theorem 6.7: Let (H, *) be a subgroup of (G, ). The set of left cosets of
H in G form a partition of G. Every element of G belongs to one and only
one left coset of H in G.

Theorem 6.8 : The order of a subgroup of a finite group divides the order
of the group.

Corollary : If (G, #) is a finite group of order n, then for any aeG, we
must have a"=e, where e is the identity of the group.

Normal Subgroup : A subgroup (H, *) of (G, *) is called a normal subgroup
if for any aeG, aH = Ha.

Example 30 : Determine all the proper subgroups of symmetric group (Ss,
0). Which of these subgroups are normal?

Solution : S = {1, 2, 3}. S3= Set of all permutations of S.
S;= {fo, fl, fz, f3, f4, f5 } where

o123 w2 sy
1 2 3 L 2 1)
f3:{1 2 3} f4:£1 2 3}’ Iy 2 3\|
2 1 3 2 31 L\ 2 1)
Let us prepare the composition table.
ofy f £, f3 f, &
fO fO f1 f2 f3 f4 f5
filfy fo T, 5 f, f5
f2 f2 f3 fO f4 f3 f1
falfs T, 5 5 fi T
f4 f4 f3 f1 f2 f5 fO
felfs £, f3 i fy 1§

From the table it is clear that {fo, f1}, {fo, f2,}, {fo, f3) and {fo, f4, fs} are
subgroups of (Sz, 0): The left cosets of {f,, T} are {fo, f1}, {f2, s}, {f3, 4}
While the right cosets of {fo, f;} are {fo, f1}, {f2, T4}, {fs, fs}. Hence {fo,
f1} is not a normal subgroup.

Similarly we can show that {fo, f,} and {f,, f;} are not normal subgroups.



On the other hand, the left and right cosets of {fo, fs, fs} are {fo, f4, fs} and
{fll f2| f3}
Hence {fo, fs, fs} is a nomal subgroup.

Example 31: Let S = {1, 2, 3}. Let G = S; be the group of all
permutations of elements of S, under the operation of composition of
permutations.

12 3
Let H be the subgroup formed by the two permutations (1 ) 3) and

(1 2 3)
3 2 1)

your notion of composition clearly. [Dec-02, Nov-06]

. Find the left coset of H in G. Is H a normal subgroup? Explain

Solution : Let

fo{l 2 3}, f1=ﬁ 2 zj i I3 2 3\|
1 2 3 K 2 1)
f3:(1 2 3 f4:(1 T 3\|
l\2 1 3) l\2 3 1J’ L\ 2 1)
H:{fo, fz}
Left Cosets of Hin G :
foH = {fofo, fof2} = {fo, f2} fiH = {f:fo, f1f2} = {f1, T4}
foH = {fofo, fofo} = {f2, fo} faH = {f5fo, f5f} = {f3, fs}
foH = {f4f0, T4} = {f4, f1} fsH = {fsfo, fsf2} = {fs, f3}
Right Cosets of Hin G
Hfo = {fofo, f2fo} = {fo, f2} Hf, = {fofs, fof1}={f1, fs}

Since f; H # Hf; , H is not a normal subgroup of G.

Example 32 : Consider the dihedral group (D4, 0). Find the subgroup of

1 2 3 4)sj '
D, generated by ( ) Is it normal subgroup. Find the left cosets
kz 3 41 J

of D,.

Solution: Dy ={fs, f5, f3, fa, Fs, fs, f7, fs} [Dec-99][6]

Example 33 : Define a normal sub-group. Let S; = Group of all
permutations of 3 elements (say 1, 2, 3). For the following subgroups of S,
find all the left cosets . Subgroup of A = {1,(1,2)}

Where | = identity permutation, (1, 2) is a transposition. Is A a normal



subgroup. State a normal subgroup of the above group if it exists. [98][7]



Solution : H = {fo, f3}

The left cosets of H in G are as follow.

foH = {fo, f2} fiH = {f;, fs} foH = {f,, T4}
faH = {f3, fo} f,H = {f4, T2} fsH = {fs, f1}
Consider a right coset Hf, = {f;, f4}

Since f;H = Hfy, H is not a normal subgroup of G.

6.13 UNIT END EXERCISES

1) Determine whether the set Q, the set of all rational number with
the binary operation of addition is a group. If it is a group,
determine if it abelian, specify the identity and the inverse of a
general element.

ab
2) If G is a set of all not-zero real numbers and a*b= ", show that

2



3)

4)

5)

6)

7)

(G, =) is an abelian group. [May-05]

Let G be a set of integers between 1 and 15 which are co-prime

to

5. Find the multiplication table of G. Find 27, 7°

11171 1s G cyclic? [May-05]

Check whether it is an abelion group in each of

the following cases-

i) R, set of real numbers wherea*b=a+b+7

i) 5 = Q x Q with operation defined as (a, b) * (c, d) = (ac, ad +
b).

Determine whether the following sets along with the
binary operation, form a group. If it is a group, state
the identity, and the inverse of an element a. If it is
not a group, state the reason why ?

[Oct-03]

)} Set is P(S) = set of all subsets of S where S
is a non-empty set. The operation is that of
union.

i) Set of all non-zero real numbers, under
the operation of multiplication.

Let H be a subgroup of a group G. Define the following [Oct-03]
i) Left coset of H in G.
i) Right coset of H in G.

If G is a finite group then prove that a© —e.






